QUADRATIC EQuATIONS

4.1 Introduction

In Chapter 2, you have studied different types of polynomias. One type was the
quadratic polynomial of theform ax? +bx +c, a= 0. When we equate this polynomial
to zero, we get aquadratic equation. Quadratic equations come up when we deal with
many real-life situations. For instance, suppose a
charity trust decidesto build aprayer hall having
acarpet area of 300 square metreswithitslength . 300 m?
one metre more than twice its breadth. What
should be the length and breadth of the hall?

Suppose the breadth of the hall isx metres. Then, 2x+1
itslength should be (2x + 1) metres. We can depict _
thisinformation pictorially asshowninFig. 4.1. Fig. 4.1
Now, areaof thehall = (2x + 1). x m2 = (2x2 + x) m?
So, 2x2 +x= 300 (Given)

Therefore, 2%+x—-300=0

So, the breadth of the hall should satisfy the equation 2x? + x—300=0whichisa
guadratic equation.

Many peopl e believethat Babylonianswerethefirst to solve quadratic equations.
For instance, they knew how to find two positive numbers with a given positive sum
and a given positive product, and this problem is equivalent to solving a quadratic
equation of the form x? — px + q = 0. Greek mathematician Euclid developed a
geometrical approach for finding out lengths which, in our present day terminology,
are solutions of quadratic equations. Solving of quadratic equations, in general form, is
often credited to ancient Indian mathematicians. In fact, Brahmagupta (C.E.598-665)
gave an explicit formula to solve a quadratic equation of the form ax? + bx = c. Later,
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Sridharacharya (C.E. 1025) derived aformula, now known as the quadratic formula,
(asquoted by Bhaskarall) for solving aquadratic equation by the method of completing
the square. An Arab mathematician Al-Khwarizmi (about C.E. 800) also studied
guadratic equations of different types. Abraham bar Hiyya Ha-Nasi, in his book
‘Liber embadorum’ published in Europe in C.E. 1145 gave complete solutions of
different quadratic equations.

In this chapter, you will study quadratic equations, and various ways of finding
their roots. You will also see some applications of quadratic equations in daily life
situations.

4.2 Quadratic Equations

A gquadratic equation in the variable x is an equation of the form ax?+ bx +c=0, where
a, b, c arered numbers, a = 0. For example, 2x2 +x — 300 = 0 is a quadratic equation.
Similarly, 2¢ -3 +1=0,4x—-3?+2=0and 1 —x2 + 300 = 0 are also quadratic
equations.

In fact, any equation of the formp(x) = 0, wherep(x) isapolynomial of degree
2, isaquadratic equation. But when we write the terms of p(x) in descending order of
their degrees, then we get the standard form of the equation. That is, ax2+ bx + ¢=0,
a # 0iscalled thestandard form of a quadratic equation.

Quadratic equations arise in several situations in the world around us and in
different fields of mathematics. Let us consider afew examples.
Example 1 : Represent the following situations mathematically:

()  Johnand Jivanti together have 45 marbles. Both of them lost 5 marbles each, and
the product of the number of marblesthey now haveis124.Wewould liketo find
out how many marbles they had to start with.

(i) A cottage industry produces a certain number of toys in a day. The cost of
production of each toy (in rupees) was found to be 55 minus the number of toys
produced in a day. On a particular day, the total cost of production was
Rs 750. We would like to find out the number of toys produced on that day.

Solution :
(i) Let the number of marbles John had bex.
Then the number of marbles Jivanti had = 45 —x (Why?).
The number of marbles left with John, when he lost 5 marbles=x -5
The number of marblesleft with Jivanti, when she lost 5 marbles=45—-x-5
=40-x
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(i)

Therefore, their product = (x — 5) (40 — X)
= 40x — x? — 200 + 5x

= — X2+ 45x — 200
So, — X2+ 45x — 200 = 124 (Given that product = 124)
ie, —x+45x-324=0
ie, X2 —45x+324=0

Therefore, the number of marbles John had, satisfies the quadratic equation
X2 —45x + 324 =0

whichisthe required representation of the problem mathematically.

L et the number of toys produced on that day be x.

Therefore, the cost of production (in rupees) of each toy that day = 55 —x

S0, the total cost of production (in rupees) that day = x (55 —X)

Therefore, X (55 —x) = 750
i.e., 55x —x# = 750
ie, —X2+55x—750=0
ie., x> —55x+750=0

Therefore, the number of toys produced that day satisfiesthe quadratic equation
x> =55x+750=0
whichisthe required representation of the problem mathematically.

Example 2 : Check whether the following are quadratic equations:

(i) (x—2*+1=2x-3 (i) x(x+1) +8=(x+2) (x—2)
(i) x(2x+3)=x*+1 (iv) (x+2P2=x-4

Solution :
(i) LHS=(x—-22+1=x2—-4x+4+1=x—-4x+5

Therefore, (x — 2)?+ 1 = 2x — 3 can be rewritten as

X2 —4x+5=2x-3
i.e., X —-6x+8=0
Itisof theform ax? + bx+ c=0.
Therefore, the given equation is a quadratic equation.
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(if)

(ii)

(iv)

Sincex(x+1)+8=xX+x+8and (x+2)(x—-2) =x*-4

Therefore, X¥+x+8=x-4

i.e, Xx+12=10

It isnot of theform ax2 + bx+c = 0.

Therefore, the given equation is not a quadratic equation.

Here, LHS=x(2x + 3) = 2x* + 3x

So, X (2x + 3) = x* + 1 can be rewritten as
2x2+3x=x2+1

Therefore, we get x2+3x—1=0

Itisof theformax?+bx +c=0.

So, the given equation is a quadratic equation.

Here, LHS=(x+2°=x3+6x*+12x+ 8

Therefore, (X + 2)3= x3 — 4 can be rewritten as
X+ 606X+ 12x+ 8= x2 -4

i.e., 6x*+12x+12=0 or, X*+2x+2=0

Itisof theformax? + bx + ¢ = 0.
So, the given equation is a quadratic equation.

Remark : Be careful! In (ii) above, the given equation appears to be a quadratic
equation, but it isnot aquadratic equation.

In (iv) above, the given equation appears to be a cubic equation (an equation of

degree 3) and not a quadratic equation. But it turns out to be a quadratic equation. As
you can see, often we need to simplify the given equation before deciding whether it
is quadratic or not.

EXERCISE 4.1
1. Check whether the following are quadratic equations :
() x+1)?=2(x-3) (i) ¥-2x=(-2) (3-%)
(i) x=2)(x+1)=(x-1)(x+3) (iv) (x—=3)(2x +1) =x(x+5)
V) 2x=1)(x=3)=(x+5)(x-1) (vi) X+ 3x+1=(x-2)?
(vii) (x+2)2=2x(x¢-1) (viii) ¥ —4x2—x+1=(x-2)3

2. Represent the following situations in the form of quadratic equations:

(i) Theareaof arectangular plot is 528 m?2. The length of the plot (in metres) isone
more than twice its breadth. We need to find the length and breadth of the plot.
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(i) The product of two consecutive positive integers is 306. We need to find the
integers.

(ili) Rohan’s mother is 26 years older than him. The product of their ages (in years)
3yearsfrom now will be 360. Wewould liketo find Rohan’ s present age.

(iv) A train travels a distance of 480 km at a uniform speed. If the speed had been
8km/hless, thenit would have taken 3 hours moreto cover the same distance. We
need to find the speed of the train.

4.3 Solution of aQuadratic Equation by Factorisation

Consider the quadratic equation 2x2 — 3x + 1 = 0. If we replace x by 1 on the
LHS of this equation, we get (2 x 12) — (3 x 1) + 1 = 0 = RHS of the equation.
We say that 1isaroot of the quadratic equation 2¢* — 3x + 1 = 0. This also meansthat
lisazero of the quadratic polynomial 2x* —3x + 1.

In general, a real number o is called a root of the quadratic equation
a2 +bx+c=0a#0ifao?+bo+c=0. Wealso say that x= a is a solution of
the quadratic equation, or that av satisfies the quadratic equation. Note that the
zeroes of the quadratic polynomial ax’ + bx + ¢ and the roots of the quadratic
equation ax* + bx + ¢ =0 are the same.

You have abserved, in Chapter 2, that a quadratic polynomial can have at most
two zeroes. So, any quadratic equation can have atmost two roots.

You havelearnt in Class X, how to factorise quadratic polynomials by splitting
their middle terms. We shall use this knowledge for finding the roots of a quadratic
equation. Let us see how.

Example 3 : Find the roots of the equation 2x*> — 5x + 3 = 0, by factorisation.

Solution : Let usfirst split the middle term — 5x as —2x —3x [because (—2x) x (—3X) =
62 = (2x3) x 3].

So, 2¥°-5x+3=2%-2x-3x+3=2x(X—-1) 3(x-1) = (2x-3)(x—-1)
Now, 2x? —5x + 3 = 0 can be rewritten as (2x — 3)(x — 1) = 0.

So, the values of x for which 2 —5x+ 3 = 0 are the same for which (2x — 3)(x— 1) =0,
i.e, either 2x—3=00rx—-1=0.

3
Now, 2x —3 = 0 gives X=—2 andx—1=0givesx=1.
3
So, X=§ and x = 1 are the solutions of the equation.

3
In other words, 1 and E are the roots of the equation 2x2 —5x+ 3 = 0.

Verify that these are the roots of the given equation.
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Note that we have found the roots of 2x* — 5x + 3 = 0 by factorising
2x? — 5x + 3 into two linear factors and equating each factor to zero.

Example 4 : Find the roots of the quadratic equation 6x? —x —2 = 0.
Solution : We have
6 —X—2=6X+3x—4x -2
=3x(2x+1)-2(2x+1)
=(3x—-2)(2x+ 1)
The roots of 6x2—x — 2 = 0 are the values of x for which (3x —2)(2x + 1) =0
Therefore, 3x—2=00r 2x+ 1 =0,

. _2 _ 1
i.e., X= 3 or X= >

2 1
Therefore, the roots of 6 —x—2 =0 are § and —E-

2 1
We verify the roots, by checking that 3 and N satisfy 6x2 —x—2=0.

Example 5 : Find the roots of the quadratic equation 32 — 2\/€x+ 2=0-

3x2 —Jox —y/6x+2
ox(\Bx—E) ~2(\3x- 2)

- (V1 \B)(fax-2)
So, the roots of the equation are the values of x for which

(VBx—v3)(Bx —¥Z) =0
Now, {/3x— /2 =0 for X:E )

So, this root is repeated twice, one for each repeated factor /3x—+/2.

Therefore, the roots of 3x2 —2f6x+2=0 are \E , \/g :

Solution : 3x?— 2/6x + 2
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Example 6 : Find the dimensions of the prayer hall discussed in Section 4.1.
Solution : In Section 4.1, we found that if the breadth of the hal is x m, then x
satisfies the equation 2x2 + x — 300 = 0. Applying the factorisation method, we write
this equation as
2> —24x+25x—300= 0
2X(x—=12)+25(x-12) =0
i.e, (X=12)(2x+25)=0
So, theroots of the given equation arex = 12 or x=—-12.5. Since x isthe breadth
of the hall, it cannot be negative.
Thus, the breadth of the hall is12 m. Itslength=2x+ 1 =25m.

EXERCISE 4.2
1. Find the roots of the following quadratic equations by factorisation:

() x*-3x-10=0 (i) 2¢+x-6=0

(i) 2x% +7x+5y2=0 @iv) 2x2—x+§:0
(v) 100X-20x+1=0
Solvethe problemsgivenin Example 1.
Find two numbers whose sum is 27 and product is 182.
Find two consecutive positive integers, sum of whose squares is 365.

Theadltitude of aright triangleis 7 cmlessthan itsbase. If the hypotenuseis 13 cm, find
the other two sides.

6. A cottageindustry producesacertain number of pottery articlesin aday. It was observed
onaparticular day that the cost of production of each article (in rupees) was 3 more than
twicethe number of articles produced on that day. If thetotal cost of production on that
day was ¥ 90, find the number of articles produced and the cost of each article.

a s~ wbn

4.4 Solution of a Quadratic Equation by Completing the Square

Inthe previous section, you have learnt one method of obtaining the roots of aquadratic
equation. In this section, we shall study another method.

Consider thefollowing situation:

The product of Sunita's age (in years) two years ago and her age four years
from now is one more than twice her present age. What is her present age?

To answer this, let her present age (in years) be x. Then the product of her ages
two years ago and four years from now is (x — 2)(x + 4).
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Therefore, X=2)x+4)=2x+1
i.e., X +2X—8=22X+1
i.e, X2—-9=0

So, Sunita’'s present age satisfies the quadratic equationx? —9 = 0.

We can write this asx® = 9. Taking square roots, we get x = 3 or x =—3. Since
the ageis apositive number, x = 3.

So, Sunita's present age is 3 years.

Now consider the quadratic equation (x + 2)2—9 = 0. To solve it, we can write
it as (x + 2)? = 9. Taking square roots, weget x +2=3 0or x+2=—-3.
Therefore, x=1 o x=-5
S0, the roots of the equation (x + 2)2—9=0are 1 and - 5.

In both the examples above, the term containing x iscompletely inside asquare,
and we found the roots easily by taking the square roots. But, what happensif we are
asked to solve the equation x* + 4x — 5 = 0? We woul d probably apply factorisation to
do so, unless we realise (somehow!) that x> + 4x —5 = (x + 2)? — 9.

S0, solving X2+ 4x—5 = 0isequivalent to solving (X + 2)2—9 = 0, which we have
seen is very quick to do. In fact, we can convert any quadratic equation to the form

(x +a)? —b? = 0 and then we can easily find its roots. Let us see if thisis possible.
Look at Fig. 4.2.

In thisfigure, we can see how x2 + 4xis being converted to (x + 2)2— 4,

X 4 X 4 X 2 2
X +x =X =x
x2 +4x x2+4x x2+ 2x + 2x
X 2 2
x
= x=x+2 _DZ=x+2 -_— 2
2 2
2 2
2 x+2
(x+2)x+2xx (x+2)x+2 xx+22-2? x+2)° =2
Fig. 4.2
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The processis as follows:
X2+ 4x = (x2+£X)+ ilx
2 2
X2+ 2X + 2x
X+2) x+2xx
= (X+2) X+ 2xX+2x2-2x2
= (X+2) x+ (X+2)x2-2x%x2
= (X+2)(x+2)—22
=(X+22-4
So, ¥ +4x-5=(xx+2?-4-5=(x+2)?-9

So, X? + 4x—5=0can bewritten as (x + 2)—9 = 0 by this process of completing
the square. This is known as the method of completing the square.

In brief, this can be shown as follows;

4V (4YV 4)?
2 = [ X+—| —|=| =| X+=| -4
X+ ax ( 2) (2) ( 2)

So, X2+ 4x —5 = 0 can be rewritten as
2
(X-ﬁ-ﬂj -4-5=0
2
i.e, (x+2f-9=0

Consider now the equation 3x*>— 5x + 2 = 0. Note that the coefficient of x?isnot
aperfect square. So, we multiply the equation throughout by 3 to get

9% —-15x+6=0

Now, 9x2—15x+6=(3x)2—2><3x><§+6

2 2
- Bx?—2x3xx2+[2] —[2] 16
2 12) |2
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S0, 9% — 15x + 6 = 0 can be written as

[3x—§j2—1= 0

57 1

H 3X__ R —

i.e., ( ZJ 2
1

5 2
So, the solutions of 9% — 15x + 6 = 0 are the same as those of (BX—Ej = 2

or X-—

N =
Nlo
1"

I
N =

. -
i.e., X-3 =

5 1
(We can also write this as 3X—E =4 > where ‘+’ denotes ‘plus minus'.)

Thus, X = §+E or 3x:§_i
2 2 2 2
So X= §+Eorx—§—1
’ 6 6 6 6
4
Therefore, X=1lorx= E
. Lorye 2
ie, X= orx—3

2
Therefore, the roots of the given equation are 1 and 5

Remark : Another way of showing this processisasfollows:

Theequation 3X¥-bx+2=0
is the same as

. 5. .2 _ X_z(é)z_z(ﬁjiz
o ¥T3Xt3 717 2ls 2(3)] "3
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S0, the solutions of 3x2—5x + 2 = 0 arethe same asthose of (x_gj _(%] =0,
2

1 . 51 5 1
-, e, Xx==-+—=1landx==——=—.
6 6 6 6 6 3

Let us consider some examples to illustrate the above process.

) 5
which arex — _6 =+

Example 7 : Solvethe equation given in Example 3 by the method of completing the
sguare.

Solution : The equation 2x2 —5x + 3 = 0 is the same as x* ——5x+g=0.

Now, Xem=X+— = | X=—=| =| = | +==| Xx—=| ==
2" 2 4) \4) 2 4) 16
. 5\ 1
Therefore, 2x2 —5x + 3 = 0 can be written as X—Z TS

So, the roots of the equation 2x* — 5x + 3 = 0 are exactly the same as those of

5% 1 5 1 5% 1
X——=| ——=0.Now, | X——=| —— =0isthesameas | X—— 16

4 16 4 16 4
5 1
Therefore, X—— = =
4 4
5 1
= —x=
i.e., X 272
5+1orx 51
l1.e., X= —+— —
4 4
3
e, X= —orx=1
2
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Therefore, the solutions of the equations are x = g and 1.

Let usverify our solutions.

3 2
Putting X=§ in 2x* — 5x + 3 = 0, we get 2(:—3 —5@j+3:0, which is
correct. Similarly, you can verify that x = 1 also satisfies the given equation.
In Example 7, we divided the equation 2x* — 5x + 3 = 0 throughout by 2 to get

3
X2 — EX + > = 0 to make the first term a perfect square and then completed the

square. Instead, we can multiply throughout by 2 to make the first term as 4x2 = (2x)2
and then compl ete the square.

Thismethod isillustrated in the next example.
Example8: Find theroots of the equation 5x*—6x—2 = 0 by the method of completing
the square.
Solution : Multiplying the equation throughout by 5, we get
25 -30x—10=0
Thisisthe same as
(5x)2—2x (5 x3+32-F-10=0

i.e, (5x—-3)2-9-10=0

i.e., (5x—3)’-19=0

ie, (5x—3)2= 19

e, 5x—3= +19

i.e, 5X = Siafﬁ

. . 3+4/19

5

Therefore, the roots are 3+;/1_9 and 3_;/1_9.
3+419 3-y19

Verify that the roots are +;/_ and E':/_
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Example 9 : Find the roots of 4x*> + 3x + 5 = 0 by the method of completing the
sguare.

Solution : Note that 4x2 + 3x + 5 = 0 is the same as

2 2
(2x)2+2x(2()x%+(%j —(%j +5=0

32
2X+—| —-—+5=
e, ( 4] 0
(2x+§J2+7—1—0
€ 4) 16
2
ie (2x+§j =_—71<0
’ 4 6

3 2
But (ZX +Zj cannot be negative for any real value of x (Why?). So, thereis
no real value of x satisfying the given equation. Therefore, the given equation has no
real roots

Now, you have seen several examples of the use of the method of completing
the square. So, let us give this method in general.

Consider the quadratic equation ax? + bx + ¢ = 0 (a# 0). Dividing throughout by

2 c
a, we get X +=X+—=
a a
bY (b) ¢
Thisisthe same as (X+—j —(—) +—=0
2a 2a a
_ b)’ b?-4ac
i.e., X+—| — >— =0
2a 4a
So, the roots of the given equation are the same as those of
b)> b?-4ac ( b)z b? - 4ac
X+—| — =0, i.e, thoseof | Xx+—| = 1
( 2aj 4’ 2a 4a° &
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If b?— 4ac > 0, then by taking the square roots in (1), we get

x+% + b’ 4ac

- 2a

b+ \/b2—4ac

2a

’ 2 ’ 2
S0, the roots of @ + bx + ¢ = 0 are b+ yb” —dac and —b- 2b —4ac, if
a

b?—4ac > 0. If b?—4ac < 0, the equation will have no real roots. (Why?)

Therefore, X =

Thus, if b?> — 4ac 2 0, then the roots of the quadratic equation

bi\/bz —4ac

ax? + bx + ¢ = 0 are given by —
g y %

This formula for finding the roots of a quadratic equation is known as the
quadratic formula.

Let us consider some examplesfor illustrating the use of the quadratic formula.

Example 10 : Solve Q. 2(i) of Exercise 4.1 by using the quadratic formula.

Solution : Let the breadth of the plot bex metres. Then the length is (2x + 1) metres.
Then we are given that x(2x + 1) =528, i.e,, 2x* + x—528 = 0.

Thisisof theform ax?+ bx + ¢ =0, wherea=2,b =1,c=-528.

So, the quadratic formula gives us the solution as

_ 1+ ira(2)(528) -1+\WRB -1+65

4 4 4
. o4 —66
1.e, X= — O X=——
4 4
. 33
i.e., X=16 or X= —?

Since x cannot be negative, being a dimension, the breadth of the plot is
16 metres and hence, the length of the plot is 33m.

You should verify that these values satisfy the conditions of the problem.
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Example 11 : Find two consecutive odd positive integers, sum of whose squares
i$290.

Solution : Let thesmaller of the two consecutive odd positive integersbe x. Then, the
second integer will be x + 2. According to the question,

X2+ (x+2)?2= 290

ie, X2+ X2+ 4x+ 4= 290
ie, 2C+4x—-286=0
i.e., X2+ 2x—-143=0

which isaquadratic equationin x.
Using the quadratic formula, we get

2+ J4+512 - £
. Ja+ 214576 _ -2+ 24

2 2 2
i.e., x=11 or x=-13

But x is given to be an odd positive integer. Therefore, x= — 13, x = 11.

Thus, the two consecutive odd integers are 11 and 13.

Check : 112+ 132 =121 + 169 = 290.

Example 12 : A rectangular park isto be designed whose breadth is 3 m lessthan its
length. Its areaisto be 4 square metres more than the area of a park that has already

been made in the shape of an isosceles triangle with its base as the breadth of the
rectangular park and of altitude 12 m (see Fig. 4.3). Find its length and breadth.

Solution : Let the breadth of the rectangular park be x m.

So, itslength = (x + 3) m.

Therefore, the area of the rectangular park = x(x + 3) m? = (¢ + 3 m?. 12
Now, base of the isosceles triangle = x m.

-
Therefore, its area = % X X% 12 =6X m?
According to our requirements, x+3
X2+ 3x=6x+4
i.e, X¥-X-4=0
Using the quadratic formula, we get ) *
Fig. 4.3
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34425 315
X = =
2

But x # — 1 (Why?). Therefore, x = 4.
S0, the breadth of the park = 4m and its length will be 7m.
Verification : Area of rectangular park = 28 m?,

area of triangular park = 24 n? = (28 —4) m?

Example 13 : Find theroots of the following quadratic equations, if they exist, using
the quadratic formula:

(i) 3@-5x+2=0 (i) X2+ 4x+5=0 (i) 2¢—22x+1=0
Solution :

(i) *-5x+2=0.Here,a=3,b= -5,c=2.S0,b?-4ac=25-24=1>0.

2
Therefore, x = SinLz%,i.e.,le or x= 5

2
So, the roots are 5 and 1.

(i) ¥*+4x+5=0.Hereea=1,b=4,c=5.S0,*-4ac =16 -20=-4<0.

Since the square of areal number cannot be negative, therefore «,bz — dac will
not have any real value.

So, there are no real roots for the given equation.

(i) 2¢— 22x+1=0.Here,a=2,b= 22, ¢c=1.

So, b?—4ac=8-8=0
22+0 2 . 1
=————=—40 ie, X=—-
Therefore, x 2 > , «/5
1 1
So, the roots are , ——="
22
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Example 14 : Find the roots of the following equations:

1 1 1
i) X+==3,x=0 i) ————=3,x%0,2
i) X+ i) -7
Solution :

1
(i) x+ v 3. Multiplying throughout by x, we get

X2+1= 3x
i.e, x? —3x + 1= 0, whichisaquadratic equation.
Here, a=1b=-3c=1
So, b2—4ac=9-4=5>0
Therefore, X= # (Why?)
So, the roots are 3+2‘/§ and 3_2‘5.

1 1
i) =———— =3 x=0, 2.
(i) X X-2

Asx= 0, 2, multiplying the equation by x(x — 2), we get

(X—=2)—x=3X(Xx—-2)
= 3x* — 6X

So, the given equation reduces to 3x?— 6x + 2 = 0, which is a quadratic equation.

Here, a=3,b=-6,c=2. S0, b2—4ac=36-24=12>0
6+VJ12 6123 3+4/3
Therefore, X= (;/_ = 5 \/_ = 3‘/_ .

3+3J§ and 3—J§_

So, the roots are 3
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Example 15 : A motor boat whose speed is 18 km/h in still water takes 1 hour more
to go 24 km upstream than to return downstream to the same spot. Find the speed of
the stream.

Solution : Let the speed of the stream be x km/h.

Therefore, the speed of the boat upstream = (18 —X) km/h and the speed of the boat
downstream = (18 + x) km/h.

Thetime taken t st _ ddance 24 h
e time taken to go upstream = gead  18-x ours.
Similarly, the time taken to go downstream = hours.
18+x
According to the question,
24 24
18—x 18+X
i.e, 24(18 + x) — 24(18 —x) = (18 —x) (18 + x)
ie, X°+48x—-324= 0

Using the quadratic formula, we get

f —481\/482 +1296  —48+4[3600
_ —48+60
-2

Since x isthe speed of the stream, it cannot be negative. So, we ignore the root
X = —54. Therefore, x = 6 gives the speed of the stream as 6 km/h.

=6o0r —54

EXERCISE 4.3

1. Find the roots of the following quadratic equations, if they exist, by the method of
completing the square:

() 2¢-7x+3=0 (i) 2¢+x—-4=0
(i) 4x%+ 43x+3=0 (iv) 2 +x+4=0
2. Find theroots of the quadratic equations given in Q.1 above by applying the quadratic
formula
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10.

11.

Find the roots of the following equations:

1 1 1 11
() x—==3,x#0 (i) — ——=— xz#-4,7
X x+4 x-7 30

The sum of the reciprocals of Rehman’s ages, (in years) 3 years ago and 5 years from
1
now is 5 Find his present age.

Inaclasstest, the sum of Shefali’ smarksin Mathematicsand Englishis30. Had she got
2 marks more in Mathematics and 3 marks less in English, the product of their marks
would have been 210. Find her marksin the two subjects.

Thediagonal of arectangular field is 60 metres more than the shorter side. If thelonger
side is 30 metres more than the shorter side, find the sides of the field.

. Thedifference of squares of two numbersis 180. The square of the smaller number is8

timesthelarger number. Find the two numbers.

A train travels 360 km at auniform speed. If the speed had been 5 km/h more, it would
have taken 1 hour less for the same journey. Find the speed of thetrain.

. Two water tapstogether canfill atankin 9 E hours. Thetap of larger diameter takes 10

hourslessthan the smaller onetofill thetank separately. Find thetimeinwhich each tap
can separately fill the tank.

An express train takes 1 hour less than a passenger train to travel 132 km between
Mysore and Bangalore (without taking into consideration the time they stop at
intermediate stations). If the average speed of the expresstrainis 11km/h more than that
of the passenger train, find the average speed of the two trains.

Sum of the areas of two sguaresis 468 nv’. If the difference of their perimetersis 24 m,
find the sides of the two squares.

4.5 Nature of Roots
In the previous section, you have seen that the roots of the equation ax* +bx + ¢ =0

aregiven by
—b+ b’ dac
X=
2a
b® — 4ac
If b? — 4ac > 0, we get two distinct real roots 2b + > and
a a
b \/bz — dac
2a 2a
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b . b b
If b2—4ac =0, thenx=-—=0, ie, X=—— 0O ——-
2a 2a 2a

—b
So, the roots of the equation ax? + bx + ¢ = 0 are both S

Therefore, we say that the quadratic equation ax2 + bx + ¢ = 0 has two equal
real rootsin this case.

If b? —4ac <0, then thereis no real number whose squareis b? — 4ac. Therefore,
there are no real roots for the given quadratic equation in this case.

Since b? — 4ac determines whether the quadratic equation ax? + bx + ¢= 0 has
real roots or not, b2 — 4ac is called the discriminant of this quadratic equation.

So, a quadratic equation ax? + bx + ¢ = 0 has
(i) two distinct real roots, if b> —4ac > 0,
(ii) two equal real roots, if b* —4ac = 0,

(iii) noreal roots, if b>—4ac < 0.
Let us consider some examples.

Example 16 : Find the discriminant of the quadratic equation 2x* — 4x + 3 =0, and
hence find the nature of its roots.

Solution : Thegiven equation isof theformax?+bx+c=0, wherea=2,b=—4and
¢ = 3. Therefore, the discriminant

P—4ac=(—4)—(4x2%x3)=16-24=-8<0
So, the given equation has no real roots.

Example 17 : A pole has to be erected at a point on the boundary of acircular park
of diameter 13 metres in such a way that the differences of its distances from two
diametrically oppositefixed gates A and B on the boundary is7 metres. Isit possibleto
do so? If yes, at what distances from the two gates should the pole be erected?

Solution : Let us first draw the diagram
(see Fig. 4.4). A\
Let P be the required location of the
pole. Let the distance of the pole from the
gate B be x m, i.e,, BP =x m. Now the
difference of the distances of the pole from
the two gates = AP— BP (or, BP — AP) = p
7 m. Therefore, AP= (x+ 7) m.

Fig. 4.4
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Now, AB = 13m, and since AB is a diameter,
ZAPB = 90°  (Why?)

Therefore, APz + PB2= AB2  (By Pythagoras theorem)
i.e, (X+7p+x2= 13
i.e, X2+ 14x + 49 + x> = 169
i.e, 2x*+14x—-120= 0
So, the distance ‘X’ of the pole from gate B satisfies the equation
X+ 7x—60=0

So, it would be possible to place the poleif this equation hasreal roots. To seeif this
isso or not, let usconsider itsdiscriminant. Thediscriminant is

lP—dac=72—4x 1 x (—60) = 289> 0.

So, the given quadratic equation hastwo real roots, and it is possible to erect the
pole on the boundary of the park.

Solving the quadratic equation x2 + 7x— 60 = 0, by the quadratic formula, we get

_ 7+y289  -7+17
= ==

Therefore,x =5 or — 12.

Since x is the distance between the pole and the gate B, it must be positive.
Therefore, x = — 12 will have to beignored. So, x = 5.

Thus, the pole has to be erected on the boundary of the park at a distance of 5m
from the gate B and 12m from the gate A.

1
Example 18 : Find the discriminant of the equation 3x? — 2x +§ = 0 and hence find
the nature of its roots. Find them, if they arereal.

1
Solution : Herea=3,b=-2and C=§.

1
Therefore, discriminant b —4ac = (— 2)—4 x 3 x 3 =4-4=0.

Hence, the given quadratic equation has two equal real roots.

-b -b . 2 2 . 11
Therootsare —: —: 1., —: —, 1.8, —) —.
2a 2a 6 6 3 3
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EXERCISE 4.4

1. Find the nature of the roots of the following quadratic equations. If thereal roots exist,
find them:

(i) 2¢-3x+5=0 (i) 3 —4+3x+4=0
(i) 2¢—6x+3=0

2. Findthevaluesof kfor each of thefollowing quadratic equations, so that they havetwo
equal roots.

i) 2¢+kx+3=0 (i) kx(x—2)+6=0

3. Isit possible to design a rectangular mango grove whose length is twice its breadth,
and the areais 800 m*? If so, find itslength and breadth.

4. Isthefollowing situation possible? If so, determine their present ages.

The sum of the ages of two friendsis 20 years. Four years ago, the product of their ages
inyearswas 48.

5. Isit possibleto design arectangular park of perimeter 80 m and area400 m??If so, find

its length and breadth.
46 Summary
In this chapter, you have studied the following points:

1. A quadratic equationinthevariablexisof theformax?+bx+ c=0, wherea, b, carerea
numbersand a# 0.

2. A real number o is said to be a root of the quadratic equation ax’ + bx + ¢ = 0, if
ao?+ ba+c =0. Thezeroes of the quadratic polynomial ax? + bx + cand theroots of the
quadratic equation ax? + bx+ ¢ = 0 are the same.

3. If wecanfactoriseax? +bx +c,a# 0, into aproduct of two linear factors, then the roots
of the quadratic equation ax® + bx+ ¢ = 0 can be found by equating each factor to zero.

4. A quadratic equation can also be solved by the method of completing the square.

5. Quadratic formula: The roots of a quadratic equation ax? + bx+ ¢ = 0 are given by

_h+ J 2 _
—b yRg gac , provided b?—4ac>0.
2a

6. A quadratic equation axXt + bx+c=0has

(i) twodistinct real roots, if b2—4ac>0,
(i) two equal roots (i.e., coincident roots), if b>—4ac =0, and
(i) noreal roots, ifb?—4ac<O.
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A NoTE TO THE READER

In case of word problems, the obtained solutions should always be
verified with the conditions of the original problem and not in the
equations formed (see Examples 11, 13, 19 of Chapter 3 and
Examples 10, 11, 12 of Chapter 4).
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