CHAPTER 8|

QUADRILATERALS
I

8.1Introduction

You have studied many properties of atrianglein Chapters 6 and 7 and you know that
onjoining three non-collinear pointsin pairs, the figure so obtained isatriangle. Now,
let us mark four points and see what we obtain on joining them in pairsin some order.
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(1) (i1) (1i1) (iv)
Fig.8.1

Note that if all the points are collinear (in the same line), we obtain a line
segment [see Fig. 8.1 (i)], if three out of four points are collinear, we get atriangle
[see Fig. 8.1 (ii)], and if no three points out of four are collinear, we obtain a closed
figure with four sides [see Fig. 8.1 (iii) and (iv)].

Such afigure formed by joining four pointsin an order is called aquadrilateral.
In thisbook, wewill consider only quadrilaterals of the type givenin Fig. 8.1 (iii) but
not asgiveninFig. 8.1 (iv).

A quadrilateral has four sides, four angles and four vertices [see Fig. 8.2 (i)].

D
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(i) _ (i)
Fig.8.2



136 M ATHEMATICS

In quadrilateral ABCD, AB, BC, CD and DA arethefour sides; A, B, Cand D are
the four verticesand £ A, £ B, £ C and £ D are the four angles formed at the
vertices.

Now join the opposite vertices A to C and B to D [see Fig. 8.2 (ii)].
AC and BD are the two diagonals of the quadrilateral ABCD.

In this chapter, we will study more about different types of quadrilaterals, their
properties and especially those of parallelograms.

You may wonder why should we study about quadrilaterals (or parallelograms)
Look around you and you will find so many objects which are of the shape of a
quadrilateral - the floor, walls, ceiling, windows of your classroom, the blackboard,
each face of the duster, each page of your book, the top of your study table etc. Some
of these are given below (see Fig. 8.3).

r
Class IX

Blackboard Book Table

Fig.8.3

Although most of the objectswe see around are of the shape of special quadrilateral
called rectangle, we shall study more about quadrilateralsand especially parallelograms
because arectangle is also a parallelogram and all properties of a parallelogram are
true for arectangle as well.

8.2Angle Sum Property of aQuadrilateral
Let us now recall the angle sum property of a
quadrilateral.

The sum of the angles of a quadrilateral is 360°.
Thiscan beverified by drawing adiagonal and dividing
the quadrilateral into two triangles.

Let ABCD be a quadrilateral and AC be a A B
diagonal (seeFig. 8.4).

What is the sum of anglesin A ADC? Fig.84
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You know that

4 DAC+ 2 ACD+ « D =180° Q)
Similarly,inA ABC,

2 CAB+ ZACB+ «£B=180° 2

Adding (1) and (2), we get
/DAC+2ACD+.2D+ZCAB+ ZACB+ B =180° + 180° = 360°

Also, ZDAC+ZCAB=/ZAand£ZACD+ZACB =«£C

o, ZA+ZD+ 2B+ £ C=360°

i.e., the sum of the angles of a quadrilateral is 360°.

8.3 Typesof Quadrilaterals
Look at the different quadrilaterals drawn below:

D C
S R S R
B G O p
G . D C
A C
D E A B B
(iv) ) (vi)
Fig.8.5

Observe that :

e Onepair of opposite sides of quadrilateral ABCD in Fig. 8.5 (i) namely, AB
and CD are parallel. You know that it is called atrapezium.

e Both pairs of opposite sides of quadrilaterals given in Fig. 8.5 (ii), (iii) , (iv)
and (v) are parallel. Recall that such quadrilaterals are called parallelograms.

So, quadrilateral PQRS of Fig. 8.5 (ii) isaparallelogram.
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Similarly, al quadrilaterasgiveninFig. 8.5 (iii), (iv) and (v) are parallelograms.

e |nparalelogram MNRS of Fig. 8.5 (iii), note that one of its angles namely
Z M isaright angle. What is this special parallelogram called? Try to recall.
It is called arectangle.

e Theparallelogram DEFG of Fig. 8.5 (iv) hasall sidesequal and weknow that
itiscalled a rhombus.

e Theparallelogram ABCD of Fig. 8.5 (v) has £ A =90° and all sidesequal; it
is called a sguare.

e Inquadrilateral ABCD of Fig. 8.5(vi), AD=CD andAB =CB i.e., two pairs
of adjacent sides are equal. It is not a parallelogram. It is called a kite.

Note that a square, rectangle and rhombus are al parallelograms.
e A squareisarectangle and also arhombus.

e A paralelogramisatrapezium.

e A kiteisnot aparallelogram.
[ J

A trapeziumisnot aparallelogram (asonly onepair of oppositesidesisparallel
in atrapezium and we require both pairsto be parallel in a parallelogram).

e A rectangle or arhombusis not a square.

Look at theFig. 8.6. We have arectangle and a parallel ogram with same perimeter
14 cm.

D C
D C
dem 4cm
A
A B 3cm P B
3cm
(i) (i1)
Fig.8.6

Here the area of the parallelogram isDP x AB and thisislessthan the area of the
rectanglei.e.,, AB x AD asDP<AD. Generally sweet shopkeepers cut ‘Burfis' in the
shape of a parallelogram to accomodate more pieces in the same tray (see the shape
of the Burfi before you eat it next time!).

Let us now review some properties of a parallelogram learnt in earlier classes.
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8.4 Propertiesof aParallelogram

Let us perform an activity.

Cut out a parallelogram from a sheet of paper
and cut it along adiagonal (seeFig. 8.7). You obtain
two triangles. What can you say about these
triangles?

Place onetriangle over theother. Turn onearound,
if necessary. What do you observe?

AL
Observe that the two triangles are congruent to

each other. Fig.8.7

Repeat this activity with some more parallelograms. Each time you will observe
that each diagonal dividesthe parallelogram into two congruent triangles.

Let us now prove this result.

Theorem 8.1 : A diagonal of a parallelogram divides it into two congruent
triangles.

Proof : Let ABCD be aparallelogram and AC be a diagonal (see Fig. 8.8). Observe
that the diagonal AC divides parallelogram ABCD into two triangles, namely, A ABC
and A CDA. We need to prove that these triangles are congruent.

In A ABC and A CDA, note that BC | AD and AC is atransversal.
So, £ BCA=ZDAC (Pair of alternate angles) D C
Also, AB ||DC and AC isatransversal.
o, Z BAC = £ DCA (Pair of aternate angles)
and AC=CA (Common) A B
So, AABC=ACDA (ASATrule) Fig.8.8

or, diagona AC dividesparallelogram ABCD into two congruent
triangles ABC and CDA. [ |
Now, measure the opposite sides of parallelogram ABCD. What do you observe?

You will find that AB = DC and AD = BC.
Thisisanother property of aparallelogram stated below:

Theorem 8.2 : In a parallelogram, opposite sides are equal.
You havealready proved that adiagonal dividesthe parallelograminto two congruent
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triangles; so what can you say about the corresponding parts say, the corresponding
sides? They are equal.
S, AB=DC and AD=BC

Now what isthe converse of thisresult?You already know that whatever isgiven

in atheorem, the sameisto be proved in the converse and whatever is proved in the
theorem it isgiven in the converse. Thus, Theorem 8.2 can be stated as given below :

If aquadrilateral isaparallelogram, then each pair of itsoppositesidesisequal . So
itsconverseis:

Theorem 8.3 : If each pair of opposite sides of a quadrilateral is equal, then it
is a parallelogram.

Can you reason out why? D . C
Let sidesAB and CD of the quadrilateral ABCD
be equal and also AD = BC (see Fig. 8.9). Draw
diagonal AC.
Clearly, A ABC= A CDA (Why?)
o, ZBAC= £ DCA A ' B
and ZBCA = ZDAC (Why?) Fig.8.9

Can you now say that ABCD is a parallelogram? Why?

You havejust seen that in a parallelogram each pair of opposite sidesisequal and
conversely if each pair of opposite sides of a quadrilateral is equal, then it is a
parallelogram. Can we conclude the same result for the pairs of opposite angles?

Draw a parallelogram and measure its angles. What do you observe?
Each pair of opposite anglesis equal.

Repeat this with some more parallelograms. We arrive at yet another result as
given below.

Theorem 8.4 : In a parallelogram, opposite angles are equal.

Now, isthe converse of thisresult also true?Yes. Using the angle sum property of
aquadrilateral and theresults of parallel linesintersected by atransversal, we can see
that the converseis also true. So, we have the following theorem :

Theorem 8.5 : If in a quadrilateral, each pair of opposite angles is equal, then
it is a parallelogram.
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There is yet another property of a parallelogram. Let us study the same. Draw a
parallelogram ABCD and draw both its diagonals intersecting at the point O
(see Fig. 8.10).

Measure the lengths of OA, OB, OC and OD.
What do you observe? You will observe that
OA =0C and OB =O0D.
or, Oisthemid-point of both the diagonals.
Repeat this activity with some more parallel ograms.
Each timeyou will find that O isthe mid-point of both the diagonals.

So, we have the following theorem :
D
C

Theorem 8.6 : The diagonals of a parallelogram
bisect each other.

Now, what would happen, if in a quadrilateral
the diagonals bisect each other? Will it be a
parallelogram? Indeed thisistrue.

This result is the converse of the result of A
Theorem 8.6. It isgiven below:

Theorem 8.7 : If the diagonals of a quadrilateral
bisect each other, then it is a parallelogram.

You can reason out this result as follows:

Note that in Fig. 8.11, it is given that OA = OC
and OB = OD.

So, A AOB =A COD (Why?)
Therefore, £ ABO = £ CDO (Why?)
From this, we get AB || CD

Similarly, BC||AD

Therefore ABCD is a parallelogram.

Fig. 8.11

Let us now take some examples.

Example 1 : Show that each angle of arectangleisaright angle.
Solution : Let usrecall what arectangleis.

A rectangleisaparallelograminwhich oneangleisa
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right angle.
Let ABCD be arectanglein which £ A =90°.
We haveto show that /B=2£C=4«D =90°

We have, AD || BC and AB is a transversal

(see Fig. 8.12).

S, ZA+2£B=180° (Interior angleson the same
side of the transversal)

C

Fig. 8.12

(Opposite angles of the parallellogram)

But, Z A= 90°

So, Z B =180°-~ A =180°-90° =90°
Now, LC=/ZAandzZD=4B
o, ZC=90° and £ D =90°.

Therefore, each of the angles of arectangleisaright angle.

Example 2 : Show that the diagonals of a rhombus are perpendicular to each other.

Solution : Consider the rhombus ABCD (see Fig. 8.13).

You know that AB = BC = CD = DA (Why?)
Now, in A AOD and A COD,

OA = OC (Diagonals of a parallelogram
bisect each other)

OD = OD (Common)
AD = CD

Therefore, A AOD = A COD
(SSS congruence rule)

Thisgives, £ AOD = £ COD (CPCT)
But, £ AOD + £ COD = 180° (Linear pair)
So, 2/ AOD = 180°

or, Z AOD = 90°

D C

Fig. 8.13

So, the diagonal s of arhombus are perpendicular to each other.

Example 3 : ABC is an isosceles triangle in which AB = AC. AD bisects exterior
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angle PAC and CD || AB (see Fig. 8.14). Show that

(i) £ DAC=«BCA and (ii) ABCD isa parallelogram.
Solution : (i) A ABCisisoscelesin whichAB = AC (Given)
S, ZABC=ZACB (Anglesoppositeto equal sides)

Also, / PAC= /ABC+ ./ ACB P
(Exterior angle of atriangle) A D
o, ZPAC=2ZACB (1)
Now, AD bisects £ PAC.
So, Z PAC = 2Z DAC 2
Therefore, B C
2/ DAC=2/ACB [From (1) and (2)] Fig. 8.14

o, ZDAC= ZACB

(if) Now, these equal angles form a pair of alternate angles when line segments BC
and AD are intersected by a transversal AC.

So, BC]|AD

Also, BA || CD (Given)

Now, both pairs of opposite sides of quadrilateral ABCD are parallel.

So, ABCD isaparallelogram.

Example 4 : Two parallel lines | and m are intersected by a transversal p

(see Fig. 8.15). Show that the quadrilateral formed by the bisectors of interior angles
is arectangle.

Solution : Itisgiven that PS || QR and transversal p intersects them at points A and
C respectively.

The bisectors of £ PAC and £ ACQ intersect at B and bisectors of £ ACR and
p

Z SAC intersect at D.

We are to show that quadrilateral ABCD is a } P A/;
rectangle.

Now, Z PAC=ZACR
(Alternate angles as| || mand p is atransversal) D

1 1
So,  S4PAC= 3 ZACR 9

ie, / BAC= ~ ACD G R
Fig. 8.15
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Theseform apair of alternate anglesfor linesAB and DC with AC astransversal and
they are equal also.

o, AB || DC
Smilarly, BC||AD (Considering £ ACB and £ CAD)
Therefore, quadrilateral ABCD is aparallelogram.
Also, ZPAC+ £ CAS=180° (Linear pair)
So }APAC+}ACAS:}><180°=90°
’ 2 2 2
or, £ BAC+ £ CAD = 90°
or, Z BAD = 90°

So, ABCD isaparallelogram in which one angleis 90°.
Therefore, ABCD is arectangle.

Example 5 : Show that the bisectors of angles of a parallelogram form a rectangle.

Solution : Let P, Q, R and S be the points of D C
intersection of the bisectorsof Z Aand £ B, £ B
and ZC, ZCand £ D, and £ D and £ A respectively
of parallelogram ABCD (see Fig. 8.16).

In A ASD, what do you observe? A B
Since DS bisects £ D and ASbisects £ A, therefore, Fig. 8.16
1 1
ZDAS+ £ ADS= > ZA+ 54 D
1
=5 (£A+2£D)

1
= - x180° (L AandZD areinterior angles

2 on the same side of the transversal)
= o0°
Also, £ DAS+ £ ADS+ « DSA = 180° (Angle sum property of atriangle)
or, 90° + £ DSA = 180°
or, Z DSA = 90°

o, Z PSR = 90° (Being vertically oppositeto £ DSA)
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Similarly, it can be shown that £ APB = 90° or £ SPQ =90° (as it was shown for
Z DSA). Similarly, £ PQR =90° and £ SRQ = 90°.
So, PQRSisaquadrilateral in which all angles are right angles.

Can we conclude that it is a rectangle? Let us examine. We have shown that
Z PSR =/ PQR =90° and £ SPQ = £ SRQ =90°. So both pairs of opposite angles
are equal.
Therefore, PQRS is aparallelogram in which one angle (in fact all angles) is 90° and
so0, PQRS is arectangle.

8.5Another Condition for aQuadrilateral tobeaParallelogram

You have studied many properties of aparallelogram in this chapter and you have also
verifiedthat if inaquadrilateral any one of those propertiesissatisfied, then it becomes
aparallelogram.

We now study yet another condition which is the least required condition for a
quadrilateral to be aparallelogram.

It is stated in the form of a theorem as given below:
Theorem 8.8 : A quadrilateral is a parallelogram if a pair of opposite sides is
equal and parallel.

Look at Fig 8.17 in which AB = CD and
AB || CD. Let usdraw adiagona AC. You can show
that A ABC = A CDA by SAS congruence rule.

So, BC|AD (Why?)

L et usnow take an exampleto apply this property A
of aparallelogram.

D ' C

Fig. 8.17
Example 6 : ABCD is a paralelogram in which P

and Q are mid-points of opposite sidesAB and CD D Q C
(see Fig. 8.18). If AQ intersects DP at S and BQ
intersects CP at R, show that:

(i) APCQ isaparallelogram. S R
(i) DPBQ isaparallelogram.
(i) PSQR isa parallelogram. A P B

Fig. 8.18
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Solution : (i) In quadrilateral APCQ,

AP | QC (SinceAB || CD) (1)

AP= % AB, CQ= % CD (Given)

Also, AB = CD (Why?)
So, AP=QC @)
Therefore, APCQ is a parallelogram [From (1) and (2) and Theorem 8.8]

(i)  Similarly, quadrilateral DPBQ isaparallelogram, because
DQ || PB and DQ = PB
(i)  Inquadrilateral PSQR,
SP || QR (SPisapart of DP and QR is a part of QB)
Similarly, SQ|IPR
So, PSQR is a parallelogram.

EXERCISE 8.1

1. Theangles of quadrilateral areintheratio 3:5: 9 : 13. Find all the angles of the
quadrilateral.

If the diagonal s of aparallelogram are equal, then show that it isarectangle.

Show that if the diagonal s of a quadrilateral bisect each other at right angles, then it
isarhombus.

Show that the diagonals of a square are equal and bisect each other at right angles.

Show that if the diagonals of a quadrilateral are equal and bisect each other at right
angles, then it is a square.

6. Diagona AC of aparalelogram ABCD bisects
Z A (seeFig. 8.19). Show that

(i) itbisects £ Calso,
(i) ABCD isarhombus.

D C

7. ABCD is arhombus. Show that diagonal AC _
bisects ~ A as well as £ C and diagonal BD Fig. 8.19
bisects « B aswell as £ D.

8. ABCD isarectanglein which diagonal AC bisects £ A aswell as £ C. Show that:
(i) ABCD isasquare(ii) diagonal BD bisects # B aswell as £ D.
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9.

10.

11

12.

In parallelogram ABCD, two points Pand Q are A
taken on diagonal BD such that DP = BQ
(seeFig. 8.20). Show that:

() AAPD=ACQB
@iy AP=CQ

(iii) AAQB=ACPD Q

(iv) AQ=CP C
(v) APCQisaparalelogram

ABCD is a paralelogram and AP and CQ are

perpendicularsfrom verticesA and C on diagonal
BD (seeFig. 8.21). Show that

@) AAPB=ACQD
(i) AP=CQ

InAABCand ADEF,AB =DE,AB | DE,BC=EF
and BC || EF. Vertices A, B and C are joined to
vertices D, E and F respectively (see Fig. 8.22).
Show that

(i) Qquadrilateral ABED isaparallelogram
(i) quadrilateral BEFCisaparalelogram
(i) AD||CFandAD=CF

(iv) quadrilateral ACFD isaparallelogram
(v) AC=DF

(vij AABC=ADEFR

ABCD is a trapezium in which AB || CD and A B S
AD =BC (seeFig. 8.23). Show that JE

i) £A=«B
(i) £C=«D
(i) AABC=ABAD D
(iv) diagonal AC =diagonal BD Fig. 8.23

[Hint: Extend AB and draw a line through C
parallel to DA intersecting AB produced at E.]
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8.6 TheMid-point Theorem

You have studied many properties of atriangle aswell as a quadrilateral. Now let us
study yet another result which isrelated to the mid-point of sidesof atriangle. Perform
thefollowing activity.

Draw atriangle and mark the mid-points E and F of two sides of thetriangle. Join
the points E and F (see Fig. 8.24).

Measure EF and BC. Measure £ AEF and £ ABC.
What do you observe?You will find that :

A

1
EF:E BCand £ AEF=2Z ABC

s, EF|BC B c
Repeat this activity with some more triangles. Fig. 8.24

So, you arriveat thefollowing theorem:

Theorem 8.9 : The line segment joining the mid-points of two sides of a triangle
is parallel to the third side.

You can prove this theorem using the following

clue A
ObserveFig 8.25inwhich E and F aremid-points /\ /
of AB and AC respectively and CD || BA. E F 5
AAEF= ACDF (ASARule) \/
S, EF=DFandBE =AE=DC (Why?) B C
Therefore, BCDE is a parallelogram.  (Why?) Fig. 8.25

Thisgives EF || BC.

1 1
In this case, also note that EF = E ED = E BC.

Can you state the converse of Theorem 8.9? Is the converse true?
You will see that converse of the above theorem is also true which is stated as
below:

Theorem 8.10 : The line drawn through the mid-point of one side of a triangle,
parallel to another side bisects the third side.
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In Fig 8.26, observe that E is the mid-point of A M
AB, linel ispasssing through E and isparallel to BC
and CM || BA.

Prove that AF = CF by using the congruence of E |
A AEF and A CDF. F D

B C
Fig. 8.26

Example7:In A ABC, D, E and F are respectively A

the mid-points of sides AB, BC and CA
(seeFig. 8.27). Show that A ABC isdividedinto four
congruent triangles by joining D, E and F. D F

Solution : As D and E are mid-points of sides AB
and BC of the triangle ABC, by Theorem 8.9,

C
DE || AC E
Smilarly, DF || BC and EF || AB Fig. 8.27
Therefore ADEF, BDFE and DFCE are all parallelograms.
Now DE isadiagonal of the parallelogram BDFE,
therefore, A BDE = A FED
Smilaly A DAF = A FED
and A EFC = A FED
So, all the four triangles are congruent.
Example 8 : I, mand n are three parallel lines »
intersected by transversals p and q such that |, m 1
and n cut off equal intercepts AB and BC on p A/ f D,
(seeFig. 8.28). Show that |, mand n cut off equal
intercepts DE and EF on g also. B E ...
Solution : We are given that AB = BC and have / G
to prove that DE = EF. ¢ F o on
Let usjoinA to Fintersecting mat G.. /

Thetrapezium ACFD isdivided intotwo triangles; Fig. 8.28
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namely A ACF and A AFD.

In A ACF, itisgiven that B isthe mid-point of AC (AB = BC)
and BG||CF (sincem]|| n).

So, G isthemid-point of AF  (by using Theorem 8.10)

Now, in A AFD, we can apply the same argument as G is the mid-point of AF,
GE || AD and so by Theorem 8.10, E is the mid-point of DF,

i.e, DE = ER
In other words, |, m and n cut off equal intercepts on g also.

EXERCISE 82

1. ABCDisaquadrilateral inwhich P, Q, Rand Sare
mid-points of the sides AB, BC, CD and DA
(seeFig 8.29). ACisadiagonal. Show that :

1
() SRIACandSR=7 AC

(i) PQ=SR
(i) PQRSisaparalelogram.

Fig. 8.29

2. ABCDisarhombusand P, Q, R and Sare ©wthe mid-points of thesidesAB, BC, CD
and DA respectively. Show that the quadrilateral PQRSisarectangle.

3. ABCDisarectangleand P, Q, R and Sare mid-points of thesidesAB, BC, CD and DA
respectively. Show that the quadrilateral PQRSisarhombus.

4. ABCDisatrapeziuminwhichAB ||DC, BD isadiagonal and Eisthemid-point of AD.
A lineisdrawnthrough E parallel toAB intersecting BC at F (see Fig. 8.30). Show that
F isthe mid-point of BC.
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5. In a parallelogram ABCD, E and F are the D F C
mid-points of sides AB and CD respectively
(see Fig. 8.31). Show that the line segments AF
and EC trisect the diagonal BD.

Fig. 8.31

6. Show that the line segments joining the mid-points of the opposite sides of a
quadrilateral bisect each other.

7. ABCisatriangleright angled at C. A line through the mid-point M of hypotenuseAB
and parallel to BC intersectsAC at D. Show that

(i) Disthemid-pointof AC (i) MD LAC

1
(i) CM =MA = ZAB

8.7Summary

In this chapter, you have studied the following points:

1
2.
3.

o N o o

10.

Sum of the angles of aquadrilateral is360°.

A diagonal of aparallelogram dividesit into two congruent triangles.
Inaparallelogram,

() opposite sides are equal (i) opposite angles are equal
(iii) diagonals bisect each other

A quadrilateral isaparallelogram, if

(i) opposite sides are equal or (i) opposite angles are equal
or (iii) diagonals bisect each other

or (iv)apair of opposite sidesis equal and parallel

Diagonals of arectangle bisect each other and are equal and vice-versa.
Diagonals of arhombus bisect each other at right angles and vice-versa.
Diagonals of a square bisect each other at right angles and are equal, and vice-versa.

The line-segment joining the mid-points of any two sides of atriangleis parallel to the
third side and is half of it.

A linethrough the mid-point of aside of atriangle parallel to another side bisectsthethird
side.

The quadrilateral formed by joining the mid-points of the sides of aquadrilateral, in order,
isaparalelogram.



